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Abstract

In this article, a mathematical model of the inverse problem is considered. Based on this model a formulation of inverse
problem for heat equation is proposed. Shifted Chebyshev Tau (SCT) method is suggested to solve the inverse problem.
The aim of this determined effort is to identify unknown function and unknown control parameter of the mathematical
model. In order to achieve highly accurate solution to this problem, the operational matrix of shifted Chebyshev
polynomials is investigated in conjunction with tau scheme. To demonstrate the validity and applicability of the developed
scheme, numerical example is presented.
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1 | Introduction
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In this paper, a meticulous presentation is begun with an inverse problem arising in the heat equation,
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and the energy condition

Ig(t)u(x,t)dx:E(t), O<t<r, 0<s(t)SL, o
where q(X,t)/f(X)/E(t)’aj (t)/ﬁi (t)/%« (t),gi (t),i =1,2 are given functions.

Determination of an unknown control parameter is one of the hottest topics in inverse problems. There
are many papers studying this type of equation [1]-[8]. Previously mentioned equation arise in many fields
of science and engineering such as chemical diffusion, heat conduction processes, population dynamics,
thermoelasticity, medical science, electrochemistry and control theory [9]-[15]. For example, microwave
heat process used in various applications in industry, can be seen in ceramics and in food processing where

the external energy is supplied to the target at a controlled level by the microwave-generating equipment.

This can correspond to source term p(t )u(x,t ) in Eg. (1), wherep(t )is proportional to power of external

energy source and U(X , t) is local conversion rate of microwave energy [12].

The energy Condition (1) is applied when the value of the control parameter p(t) cannot be obtained using

classical boundary conditions (which is divided into three phases: 1) neumann, 2) dirichlet, and 3) robin).
Such type of condition can model various physical phenomena in context of heat transfer, life science and
ete. [1], [2], [5], [6], [16], [17], [18]. The existence, uniqueness and continuous dependence of the solution

upon the date for this problem are demonstrated in [1] under the following assumptions:

qec?([o,L]<[0,1)), for 0<as1, £C'[O,L] g,8,<C[0],

E(0)= S(f)f(x)dx >0, E(t)>0,s(t),E(t)eC’[0,c], o,B,v,€Cl0T],

o (0 (0)+8,0)(0) 1, (0)(1) 5,0,
a, (O)fx (L)+ﬁ2(0)f(0)+y2(0)f(L): gz(O).

Approximation and numerical solution of an inverse heat equation by control parameter are discussed in
many papers, such as Boundary element method [8], finite volume element method [19], Generalized
Fourier method [12], radial basis function collocation method [20], collocation method [21], Sinc-
collocation method [17] and [0] third order compact Runge—Kutta method [8] and other mthods [3], [7],
[21]-[27], must be used. This paper presents a simple and efficient algorithm for finding an approximate
solution of Eg. (1) under the Conditions (2) to (4) and the energy Condition (5). Instead, an algorithm which
is called Shifted Chebyshev Tau (SCT), is proposed.

The main aim of this research is to use SCT method to solve an inverse heat Eg. (5). Shifted Chebyshev
polynomials of the first kind are put into practice to approximate the solution of the equation as a base of
the tau method which is based on the shifted Chebyshev operational matrices of derivative and integration.
The main advantage of this method is based upon reducing the PDE into a system of algebraic equation
in the coefficient expansion of the solution. Numerical example, which confirm the accuracy of this

method, is presented.

The presentation of this paper is as follows: a pair of transformations is brought to change the structure
of the Egs. (1) to (5), then highlichting some necessary definitions and matrix formulation of Shifted
Chebyshev polynomials, and construct its operational matrices of derivative and integral. In Section 3, the
presented SCT method is used to find the approximate solution of the problem. As a result, a set of
algebraic equations is formed and the solution of the considered problem is introduced. In Section 4, we



discussed an error bound. Numerical results in Section 5 is given to show the efficiency of the proposed
method. Finally, a brief conclusion is drawn in Section 6.

: . ‘JAR[E
2 | Preparation and Foundation
At first, we that the pair of transformations constructed in follow: 456

r(t):exp(—.[:p(s)ds), (©6)
V(X,t) =r<t)u(x,t). ™)

The Problems (1) to (5) will become [5]:

V, =V _ +r(t)q(x,t), O<x<L,0<t<t. ®)
Subject to
V(X,0)=f x), 0<x<L, 9) §
<
a (t)vx (O,t)ﬂ%.1 (t)V(O,t)erl(t)v(L,t)zr(t)gl(t), O<t<r, (10) g
(=}
a, (£)v, (L) B, (£)v(0,6) 3, () V(L t) =r(t)s, (1), O<tsr, ) =
(=}
and én
. =
[ v (x thix=r(t)E(t),  0<tsr, 0<s(t)<L a2) ;
Obviously, if we have V(X,t) and r(t) then by using Egs. (8) to (12), U(X,t) and p(t) can be found as: %
o
<
u(x,t)zv(x’t), 0<x<L,0<t<T, (13) -
r(1) 3
p(t):—ﬂ O<t<t. (14) g
]
2

In this transformation, the source parameter disappeared, so we can solve the Egs. () to (12).

2.1 | Basic Definitions and Matrix Formulation
In this section, some fundamental definitions are given and to introduce the necessary notation, also
matrix formulation of Shifted Chebyshev polynomial of the first kind which will be used throughout the

papet.

The shifted Chebyshev polynomials are generated from the following three-term recurrence relation:
2x
TL,O (X) = 1’TL,1 (X) = T -1,
T 5 2x 1T T '
Lrj(x): T_ L,j-1 (X)_ L,j_z(x)l ]:2,3,...,1‘1. (15)

Definition 1. Tet T, | (X ) imply the shifted Chebyshev polynomial of the order j then T, , (X ) can be
formulated as [22] and [25].
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o (jrk-1)2

gy M Tk j=1,2,3,..,n,
pay (j—k)!(Zk)!L“X : " (16

where T, . (0) = (—l)i and T, | (L) =1 . The orthogonality condition is:

OLTL,]'(X)TL,k (X)WL(X)dXZh]., 17
where the weight function
1
wL(x)z — (18)
and
h = i“ s k=j, ¢ =2,e. =1;j>1.
=120 ke 97 1)

Definition 2. Let V(X,t) be function defined for 0 <x <L,0 <t <7 and then expanded in the terms of

the shifted Chebyshev polynomial as [22] and [24]:
vt =23 T (4T, () 20

If the infinite series in Eg. (20) is truncated, then the function V(X,t) can be approximated as:

m n

Vo (x t):; a”Tm( ) (x)zq)T(t)Af(x), @1)
where the shifted Chebyshev vectors l#(t) andf( )and the matrix A are given as:

9(0)=[T0 () T ()T (8)]

£ 1000 T ()T ()]

A 8y A, (22)
0 An Ay,
A=| - . .
amO arnl o amn

Here, the shifted Chebyshev coefficient matrix A= (ai}.) is given by
a, = ﬁj‘; J.OLu(X/t)TT,i (t)TL’j (x)wT (t)wL (x)dxdt, i=0,1,.., m, j=0,1,..,n. (23)
i

We approximate functions v (X , t) . q (X, t) and f (X ) by using the shifted Chebyshev operational matrix

follow as:



iZ%Tu (t)T (x) =" ()Qi(x), 24)

90 Y90 " Yo fo fl o fn—l fn
9o 94 %a 00 - 00

Q= : ¢ i i |, F=|: oot (25)
qu qml o qmn 0 0 o 0 0

where

q, = ﬁj‘(: J.OLC{(Xft)TT,i (t)TL’j (x)wT (’c)wL (x)dxdt, i=01,..m, j=0,1,...,n, (26)
i

and

f :hlJ.OLf(x)TL,j(x)wL(x)dx, j=0,1,...,n. @)

2.2 | Operational Matrices of Derivative and Integral

In this section, Shifted Chebyshev Vectors are used and so as its operational matrices of derivative and
integral to solve inverse heat problem of the form Egs. (8) to (12).

Theorem 1. The derivative of the shifted Chebyshev vector f(X) may be expressed by [1], [2], [4],
24].

= D(l)f(x), 28)

where D" =d._ is the (n +1)>< (H +1> operational mattix of detivative and given by
e

k=1,3,..n, if(n)isodd,

;==K =13.. n-1, if(n)i
L ARV , 1r|njiseven,
pl=q. .5 () 29)

0 otherwise.

where €, :Z’Ei =1,j21 | sce [4] and [24].
Corollary 1. Using Eq. (28), the operational matrix for the nth derivative can be stated as [2], [3], [25].
d"¢(x n
( ):(D(1)) ¢(x), (30)

where N€ N is the nth power of matrix D" So we have
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D" :(D(l))n,nzl,Z,.... (31)

Theorem 2. The integration of ¥, (t) may be written as [2], [3], [25].

[iv()e=Py(e), (32)

where P is the (m +1)>< (m +1) shifted Chebyshev operational matrix of integration and is given by
w, 9, 0 0 0 0
w, A, 0 O 0 0
w, 0, 0 A, O 0 0
w, 0 9o 0 A, -~ O 0
pP=l P sl (33)
n 0 0 0 . A, O
w 0 0 0 0 . 0 A_,

w 0 0 0 0 - 0 0

< k=0, ) K_o0,
2 3
W, =15 k=1, , o, =10, k=1, ,
(k—l)(k+1) 4(k_1) (34)
0, k=0,
A, = % k=1,
— k=23,
4(1<+1)

Obviously similar to Eg. (32) we have

Jo Fx'Jax = G (x), (35)

where G is the (H +1 ) X (n + 1) shifted Chebyshev operational matrix of integration and is defined similar

to Egq. (33).
3 | Shifted Chebyshev Tau Method
In this part, SCT method is applicable to solve the inverse problem for heat Egs. (§) to (12).

Integrating Eg. (8) from 0 to t and using Fgq. (9), we have

v(x,t) —f (x) = r v (x,t')dt’ + j:r(t’)q(x,t’)dt’. (36)

Using Eq. (24), Corollary 1 and Theorem 2 we obtain



[t e S vamity -

The function T(t) may be expanded in terms of M+1 shifted Chebyshev series as (see [3] and [24]).

(1) =1, ()= 3b,T,, () =B (1), o9

k=0

n
whete B = [bo, b,.., bm] is an unknown vector.

Now, using Egs. (19), (30) and (38) we have

I r()al ([ () (e)av i) 5

Let us set
BIY(t) U (t)=v"(t)H, (40)
where H is an (m +1)><(m +1) matrix. To find H | we rewrite Eg. (40) (see [2] and [3]) in the form
ZkaLk(t)Tm(t)=ZHk].TT,k(t), j=0,1,...,m. (41)
k=0 k=0

Multiplying both sides of Eq. #7)byT._, (t)WT (t) ,i=0,1,...,m and integrating from ( to T yields

ZbI () (T, o ()=, T (7, e, (6 )

i,j=0,1,.

Byusing Eg. (42) and employing the orthogonality relation Egq. (§) gives:

3b, [ T (T (T, (. (c)ae=Fip,
or equivalently

H, :hlzb [T (T, ()T, (9w, ()4t 1j=0,1,.,m. “
Employing Egs. (32), (39) and (40) can be written as:

j:r(t')q(x,t’)dt' =" (t)P"HQj(x). 44)
Applying Egs. (21), (24), (37) and (#4) the residual Res,  (x,t)for Eg. (36) can be written as:

Res, (xt)=¢"(t)[A-F-P"HQ-P"AD’ |§(x).

Employing standard tau method, generate (m + 1) X (n —1) linear algebraic equations using the following

algebraic equations:

”Res " (x t) (t)TL’j(x)dxdt=O, i=01,..m, j=0,1,...n—2. (45)

Also, by substituting Egs. (24) and (38) in Egs. (10) and (11) we get
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a, ()" (£)ADF(0) +, (£) 4" () AF(0) 4, (£) " (1) Af (L) =8, (£)v" (1)B,

(40)
@, ()" (£) ADF(L) +B, (£ 0 (() AF(0) + 7, () 0" (1) AF(L) =, (£) 7 (1)
And applying Egs. (24) and (35) in Eq. (12) we have
b7 (t)AGE(s(t)) = E(t) " (¢)B. @7

Egs. (46) to (47) are collocated at m+1 points. Here, the roots of T, (t) are used as a collocation
points. Egs. (45) to (47) yields a set of (m +1)(n +1) + (m +1) algebraic equations which can be solved for
al,],,i = 0,1,...,m,j =0,1,..,nand bk,k =0,1,..,.m. Consequently V(X,t) given in Eg. (21) and I'(i’)

given in Egq. (38) can be calculated. Finally using Egs. (73) and (74 ),U(X,t) and p (t ) can be found.

4 | Error Bound

n this section, an upper bound of the absolute errors will be given by using Lagrange interpolation
In th tion, pper bound of the absolut II be g by g Lagrange interpolati
polynomials. Our aim is to obtain an analytic expression for the error of the best approximation of a

smooth function V(X,l‘) and source function T(t) by them expansion in terms of shifted Chebyshev

polynomials.

Theorem 3. If V(X,t) €= [O,L]X[O, T] is a sufficiently smooth function and Vv, (X,t) is the
interpolating polynomial for V(X,t) at points (Xj’ti) where X, , 0<j<nare the roots of the T, (X)

in [O/L} and f,, 0<i<m are the roots of the T, (t)in [0/7} , then the error bound is presented as

n+1 m+1 n+l m+1
2 2 2 2
+K +K

(n+1)127 *(m+1)12" 3(n+1)!(m+1)!2m+“'

follows:

‘V(X, t) “Von (x,t)‘ < K1

Proof: Let us define the error function v (X p f) “Vin (X p t) , then by similar procedures as in [20], we have

(DTN

1 0 6’“”V(x,n) m
ox™ (nn +1)!i=0 :

v(x,t)—vmln(x,t): +mg(t—ti)—

am*“*zv(a',q') m (48)
ox" o™ (m+1)!(n+1)!g(x_xi)g(t_ti)’
where &,&'€ [O/L} and 7]/77' E[O, T] . Therefore
vix, t)]-v_ X, t)=max an+lv(x,t)|’g‘x_xj‘ +max‘am+lv(x't)‘ g‘t_ti‘ -
‘ ( ’ ) ( ’ ) 1
e Leeal oxn ‘ (n+1)t (e o™ (m+1)! @)

am+n+2V(X’t)| ]l:g‘x —Xj‘il})‘t - tl‘
max .
(xt)e| ox™ 1ot (m+1)!(n+1)!

Assume that there are constants K 10 Ky and Ky such that



8“”v(x,t)

max |———| <K,

(xt)e|  ox™! !
8‘“”v(x,t) X

max |————=|<K_,

(xt)eQ| o™t 2 (50)
an+m+2v(xlt)

max |———2[<K_.

(x,t)e() axn+latm+l 3

Let us use the one-to-one mapping X = ZL(Z +1) between the intervals [—1,1] and [0, L] to deduce and

also taking into account the estimates for Chebyshev interpolation nodes, then we obtain:

(10 i e[

min_max
x.€| 0,L | 0<x<L
] n+1

-0 s .
H(Z_zj)‘:[gj L

Now, by replacing Egs. (50) and (57) in Eq. (49), yields the following desired result:

1)
=| — min_max
2 z,e[-11]-1s2<1

n+l
max 0 V(X,t)

<K,,
(xt)e|  ox !

an+m+2 t (52)
max V(X, )

(x,t)e() axn+1atm+l -3’

or equivalently

Ln+1 ,_[m+1 Ln+1Tm+1

(ne1)2= = (mr1)22 s (n1)(met)zmet O

‘V(X,t) -v_ (x,t)‘ <K
Therefore, an upper bound of the absolute errors is obtained for the approximate and exact solutions.

Remark 1. In the special case if m=n and L =7 =1 we have

K 1

R B e et .
Let

K +K + 5 a. 55

175 (n+1)!22n+1 (53)

So that we may write

V(xt)-v, ., (xt) SW (56)
Hence, show that

v(xt)-v,, (xt]|=0 L (57)

(n+1)!22"+l
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Theorem 4. Letr (t):ZkaLk (t), be the shifted chebyshev functions expansion of the real

‘JAR[E sufficiently smooth function r (t) and there is a real number K such that

463 Je(t)-r, (t)”2 <K— (58)

Moreover, if T (t) = ZEkTT,k (t) be an approximation for the shifted chebyshev functions (t) , then
k=0

there are H, and AT such that

Je(t)-.(¢)], <w. [%J +A [B-B],. (59)
Proof: To prove Eq. (59), we write

r(t)-%, (t)=r(t)-x, (t)+r, (t)-T.(t), (60)
Satisfies the triangle inequality

()., <l ()= (9

The right-hand inequality in Eq. (67) write as follow:

<
2

+
2

r, (-7 (1),

2

(61)

ur<t>a(t);(fgww(t)\r(t)rm<t>rdt)2<ﬂ5w<t>[%] ] .

K™ v Kt
| gl O = g

N =

where
u 1 t—t2(2t—1)—sin’1( 1—t)
T4

Motreover
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-5 0| L -]
e -
(S {0 s 0 o] - o | - o-51.

By summing relation Egs. (62) and (63) upper-bound in Theorem 4 the following relation is created:

m+1 _
O 020 s [ oL



This completes the proof.

5 | Numerical Results ‘JAR[E

In this section, numerical experiment is chosen to illustrate the efficiency and performance of the SCT
method for solving Eg. (1) with Conditions (1) to (4) and energy Condition (5). In this case, the exact 464
solution of the problem is known. The accuracy of our approach is estimated by the following error

functions:
e, =[p.,(t)-p()-

e = ‘um,n (x,t) — u(x,t) ,

Example 1. Considers (1) to (5) with the given data:
1=0.5,L=1,

q(x,t)=(1—t3)sinx—xz(t—l)zexp(t) 2exp( ) (chosx+t +t- 3)
f(x) =x? + Tcosx,

gl(t):n+t3,

gz(t)ztsin1+exp(t2)+ncosl+t3,

a, =0,a,=0,

2

b ()1, (1) 0,
v (6)=0,7,(t)=1,

(t) (T(Slnt - tcost)cos(sint) + (tsint + T(cost)sin(sint) +

%exp(t )(sin3 t+ ’t3)+(t2 sint + tsin’ t)exp(t2)+(1+t3 +t sint)t,
s(t) =t+sint.

For which the exact solution is [27]

u(x,t):tsinx+x2 exp(t2)+ncosx+t3,

and

p(t):1+t2.

Akbarpour et al. | J. Appl. Res. Ind. Eng. 10(3) (2023) 454-471

In Table 1, we display error function‘um/n (X,t) - U(X,t)

, using the proposed method at t = 0.25 with m
=n =4, 0, 8. Also, the results obtained for ‘pm (l‘ ) —p(l‘ )‘ are listed in Table 2. In Fig. 1, the space-time
graph of exact solution U(X ,f) and time graph of p(t) are plotted. In Fig. 2 and Fig. 3 graph of the

absolute error U(X, 0-25) for x=0.1 and x=0.9 with various value of m=n and ‘pm (t) - p(f)‘ for t=0.1
and t=0.5 with various value of m are shown respectively. Fig. 4 and Fig. 5 Graph of the absolute error

for U(x,0.25) with m=n=4, 6,8 and|p,, ()~ p(¢)| for m=n=4, 6, 8 obtained.
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Table 1. Error function |um,n (X, t)' U(Xa t>| with t = 0.25.

Error
X m=n=4 m=n=6 m=n=8
01 733%x10° 188x10° 225x10°
02 485x10° 752x10° 2.50x10"°
03 115%x10° 144x107 564x10"°
04 699x10° 156x10° 187x10°
05 574x10" 395x107° 6.68x10°
06 231x10° 401x10° 354x10°
07 189x10*" 199x10° 215x10°
08 549%x10° 178x107 547x10°
Table 2. Error function|p, (t)- p(t).
Error
t m=n=4 m=n=6 m=n=8
005 229%x10°  576x10° 699x107
01 260x10* 433x10° 134x10°
015 321x10° 481x10° 257x10”
02 g10x10* 181x10° 207x10”
025 337x10° 2.12x10" 392x10°
03 109x10° 199x10° 167x10°®
035 869x10° 908x10° 9.77x107
04 304x10° 905x10° 393x107
045 408x107° 9.14x10° 301x10°
05 412x10° 984x10° 3.76x10°

"

0

Fig. 1. The space-time graph of exact solution u(x,t) (left) and time graph of p(t) (right).
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108 \ \ \ \ \ \
1 2 3 4 5 [ 7 a
M=n

Fig. 2. Graph of the absolute error u(x, 0.025) for x=0.1 and x=0.9 with

various value of m=n.

10°8 \ \ \ \ \ \
1 2 3 4 5 [ 7 8
mM=n

Fig. 3. Plot of | pm(t) — p(t)| for t=0.1 and t=0.5 with various value of m.

Akbarpour et al.| J. Appl. Res. Ind. Eng. 10(3) (2023) 454-471

10 / —— m=n=4

Y ____._.-” —— m=n=6
™ — m=n=8
10710 * : * * * g * * :
o 0.1 02 0.3 0.4 05 0.6 0.7 0.8 0.9 1

X

Fig. 4. Graph of the absolute error for u(x, 0.25) with m=n=4, 6, 8.
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107 f —— m=n=4| 1
—— m=n=6
m=n=8
10°®
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Fig. 5. Plot of | pm(t) — p(t)| with m=4, 6, 8.

Example 2. We consider the second inverse Problems (1) to (5) with;

For which the exact solution is [17]:
u(x, t) = (1 +etcos x)exp(t2 —sin t),
and

p(t)=2t—cost.

In Table 3, we display error function‘um,n (X,t)—U(X,f) , using the proposed method at # = 0. 5 with 7 =
n=4,06,8. Also, the results obtained for ‘pm (t ) - p(t )‘ are listed in Table 4. In Fig. 6, the space-time graph
of exact solution u(x,t) and time graph of p(t)are plotted. In Fiz 7 and Fig 8 Graph of the absolute
error U(X,0.5) for x=0.1 and x=0.9 with various value of m=n and|p,, ()~ p(t)| for =01 and =1

with various value of m are shown respectively. Fzg. 9 and Fig. 70 graph of the absolute error for U(X ,0.5 )

with m=n=4, 6, 8 and‘pm (t) —p(f)‘ for m=n=4, 6, 8 obtained.



Table 3. Error function |umxq (X,t) — u(x,t) | with t = 0.5.

Error ‘
x m=n=4 m=n=6  m=n=8 JARIE
01 149%x10* 382%x10°° 458%10°
02 983%x10°  153x10°  51x10"° 468

03 738x10°  923x107  369%x10°
04 107x10*  238x10°  286x10°
05 222x10"  153x10°  259x10°
06 217x10° 377107 332x10°
07 .876x107° -921x107 -995x10"°
08  _844x10° -274x10° -841x107"°
09 _925x10° -222x10° -7.77x10°

Table 4. Error function | pm(t) — p(t)| .

Error

t m=n=4 m=n=6 m=n=8

01 748x10* 1.17x10° 224x107
02 380x10" 747x10° 249x10°
03 373x10" 448x10° 1.79%x10°
04 339x10" 420x107° 144x107
05 148x10° 743x10° 126x10°
06 304x10* 580x10° 1.9x10°
07 427x10" 349x10° 448x10°
08 412x10° 134x107 411x10°
09 414x10*" 149%x10° 581x107
I 484x10% 138x10° 453x107

pitj=2tcost)
T T T

Akbarpour et al.| J. Appl. Res. Ind. Eng. 10(3) (2023) 454-471

Fig. 6. The space-time graph of exact solution u(x,t) (left) and time
graph of p(t) (right).
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ufx,0.5) for x=0.1 , x=0.9
T T

2 3 4 5 & T B
m=n

Fig. 7. Graph of the absolute error u(x, 0.5) for x=0.1 and x=0.9 with

various value of m=n.

lpmie)-plt)| for t=0.1 . +=1

men

Plot of | pm(t) — p(t)| for t=0.1 and t=1 with various value of m.
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Graph of the absolute error for u(x, 0.5) with m=n=4, 6, 8.
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Fig. 10. Plot of | pm(t) — p(t) | with m=4, 6, 8.

The obtained results from Tables 1 to 4 showed that this approach can solve the problem effectively.
The described computational method produces very accurate results even when employing a small
number of collocation points. And also, Figs. 2 to 5 and Figs. 7 to 10 show the reduction in the error for

the function u(x,t) and control parameter p(t) by increasing the value of m, n.

6 | Conclusion

In this study, the inverse problem for heat equation is discussed. The SCT method is presented to solve

the equation. The numerical approach is to expand the unknown function and unknown control
parameter in terms of the shifted chebyshev of the first kind and the tau method so that it reduces the
problem into a system of algebraic equation. The obtained results showed that this approach can solve
the problem effectively. The new described computational technique produces very accurate results even

when a small number of collocation points are employed.
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