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Abstract 

   

1 | Introduction  

One of the most important concepts in the performance appraisal by data envelopment analysis is 

efficiency. This score indicates the position of a unit relative to an efficient frontier. Usually, based 

on the acceptance of a series of basic principles, a set called the production possibility set (PPS) is 

made, and its boundary is called the efficient frontier. This set is based on the information available 

to the units. This data is usually classified into two categories: inputs and outputs. The first category 

is usually the resources used to generate the outputs. If, the input prices are also available, the cost 

efficiency measure will be considered in performance appraisal. 
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introduce other factors of cost inefficiency in the sets. Accordingly, new decomposition for cost inefficiencies will be presented. Also, 
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study, we also intend to consider the impact of this factor on cost efficiency. 
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1.1| Literature review 

In the cost efficiency (CE) models, the efficiency of the under evaluation unit is compared to a real or 

virtual unit of the efficient frontier with a lower cost to produce at least the same output as the unit under 

evaluation. Mombini et al. [1] proposed an approach to attain the sustainability radius of the CE consider-

ing interval data. Sarab et al. [2] proposed a two-step procedure to maintaining CE in sugar industries under 

any fluctuation in input costs. To calculate CE in aquaculture using the case of intensive white-leg shrimp 

farming in Phu Yen province of Vietnam, Long [3] used a two-stage bootstrapping technique. Focusing 

on CE and running longitudinal case-based research over six years (2014–2019), Piran et al. [4] applied an 

internal benchmarking analysis for evaluation of economic efficiency of a broiler production system. Lotfi 

et al. [5] proposed a method to modify the classic CE DEA model in order to investigate the situations of 

market discounts. Rezaei Hezaveh et al. [6] introduced a cost based PPS in the non-competitive environ-

ment to assess Cost, Revenue and Profit Efficiency. Paleckova [7] used two-stage DEA to estimate CE 

and its determinants of the Czech and Slovak commercial banks within the period of 2005-2015. Soleimani-

Chamkhorami [8], used inverse DEA for preserving cost/revenue efficiency of European and American 

banks. A new decomposition of CE is given in [9] when DMUs are not price takers. A cost minimizing 

planning problem of a state government in the US were considered by Shiraz et al. [10] in the framework 

of economic efficiency measures for stochastic data with known input and output prices. Ghiyasi [11] 

provides the theoretical foundation of the inverse DEA problem when price information is available. 

Toloo [12] developed a method for finding the most cost efficient DMU when the prices are fixed. Khan-

jani Shiraz et al. [13] developed a nonparametric methodology for cost-efficiency based on rough set theory 

to rank and evaluate DMUs when incorporation of data uncertainty. Fang and Li [14] developed models 

and a base-enumerating algorithm to calculate the upper and lower bounds of CE for each firm in the case 

of non-unique law of one price while keeping the industry CE optimal. Mozaffari et al. [15] formulated an 

original DEA-R cost and revenue efficiency models in the case of same price vector for ratio quantities of 

inputs to outputs. Sahoo et al. [16] states that in a non-competitive market with different input prices, it 

would be appropriate to use a value-based technology, in which the performance of units can be evaluated 

in comparison with it. Fang and Li [17] presented a method which can acquire the Pessimistic CE measure 

in cases with multiple inputs and outputs using the weight restrictions in the form of input cone assurance 

to determine the lower bound of CE. Camanho and Dyson [18] presented the idea of economic efficiency 

as a development for Farrell CE in the non-competitive. Jahanshahloo et al. [19] given a method for CE 

analysis which deals with ordinal data. Camanho and Dyson [20] proposed a process for estimating the 

bounds of the CE in situations where only a maximal and minimal bounds of input prices can be deter-

mined for each DMU. Jahanshahloo et al. [21] suggested a condensed version of [20]'s model with fewer 

numbers of restrictions and variables. Tone and Tsutsui [22] decomposed observed total cost into the 

global optimal (minimum) cost and loss due to technical inefficiency in technical PPS, input price differ-

ence and inefficient cost mix, which are measured in the cost based PPS. 

1.2| Research gap, and main contricutions 

It is known that the cost is a function of the amount of inputs and their price. So any inefficiency in the 

proper use of inputs and inefficiency in the use of appropriate prices leads to cost inefficiency. In the DEA 

literature, two types of inefficiencies can be attributed to inputs, one is technical inefficiency and the other 

is congestion. Under normal conditions, an increased input will lead to the increased output, but if one or 

more input increase as one or more outputs decrease, or else, if one or more inputs decrease as one or 

more outputs increase, congestion will be said to exist in the inputs. Congestion, to be sure, might not be 

necessarily the result of a direct association between each input and output since the above mentioned 

concept of congestion is more comprehensive than the concept of the congestion in economics. In general, 

however, congestion is said to exist if the increase of an input factor which have cost nature does cause a 

decrease of outputs which have an income nature. What is considered in cost studies in DEA is often 

technical inefficiency and the effect of congestion inefficiency on cost performance is overlooked. If price 

data are present, one can consider the price-related congestion, since the prices have a nature similar to 
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inputs, and if they  increase too much, the input may decrease.  On the other hand, in the literature on 

cost efficiency, less attention is paid to fixing cost inefficiencies and improving them by fixing price 

inefficiencies. It is obvious that such an issue makes sense in the presence of different price data between 

units. If the prices are the same for all units, it is clear that cost inefficiencies can only be attributed to 

inefficiencies related to resources or inputs . 

Tone [23] and Tone and Tsutsui [22], using the basic principles of DEA, introduced their cost Produc-

tion Possibility Set (PPS). Their PPS were made by accepting the constant return to scale principle and, 

in making cost PPS of Tone [23], only the observed prices and outputs were used, and in Tone and 

Tsutsui [22] modified cost obtained by removing technical inefficiencies in inputs was used in conjunc-

tion with outputs, and the modified prices and eliminating other types of technical inefficiencies such as 

congestion was neglected. Furthermore, if we consider a triple (xj, cj, cjxj)=(observed quantities of in-

puts, obsereved prices, and observed costs) for cost efficiency estimation, then we can also consider a 

triple (Px, Pc, Pcx) for PPSs. Accordingly, considering the first component of the first triple with the 

observed outputs leads to the creation of conventional quantity based PPS Px, and also considering the 

observed costs 'cjxj' along with the observed outputs leads to the creation of the cost PPS of Tone [23]. 

Therefore, what is expected is to build a PPS using the second component of the first triple, i.e. 'cj' and 

the observed outputs, and this can be considered our motivation in building the Pc. 

From the considerations above, the contribution of this paper in the literature are given in the following: 

1. Investigating the effect of congestion related to input quantities and inputs technical inefficiencies on 

cost efficiency by calculating the relevant inefficiencies and excess costs due to these inefficiencies in 

Px. 

2. Construction a new price based PPS Pc. 

3. Investigating the effect of congestion related to prices and price technical inefficiencies on cost effi-

ciency by calculating the relevant inefficiencies and excess costs due to these inefficiencies in Pc.  

4. Composing a new set of cost based PPS using optimal inputs and prices, calculating two types of mix 

and cost allocative efficiency and finally break down cost efficiency based on all previous efficiencies, 

as well as express the observed cost based on the optimal cost and all excess costs incurred by the unit 

under assessment due to various inefficiencies. 

It should be noted that the cost PPS set will be made in this paper is different from Tone [23] and Tone 

and Tsutsui [22]. As mentioned before, the observed costs were used in Tone [23]. In Tone and Tsutsui 

[22], the modified costs obtained by the optimal input vectors and the observed prices are used, while 

in this paper, both the modified inputs and the modified prices will be used to construct the cost PPS. 

It can be easily proved that the two previous cost PPS are a subset of the cost PPS will be introduced in 

this paper, and therefore it can be examined that the method proposed in this paper is able to identify 

more sources of cost inefficiency. In [22] and [23], all inefficiencies in the input and output quantities 

based PPS are considered as technical. As a result, only the effect of this type of inefficiency on cost 

efficiency and excess cost is mentioned. However, as far as the authors know, for the first time in this 

paper, the effect of input congestion on cost inefficiency has been considered independently. Also in 

[22], reducing inputs is a priority to eliminate cost inefficiencies, rather than reducing prices. In this way, 

first the sources of quantitiy technical inefficiency are eliminated and then the price inefficiency corre-

sponding to the cost point made from the optimal inputs and observed prices in their proposed set of 

cost based PPS Pcx are eliminated. Methods in [22] and [23] are not able to respond if the reduction of 

prices and the selection of optimal prices or the investigation of the cost inefficiency and the excess cost 

imposed due to the non-selection of the appropriate price are desired. It should be noted that depending 

on the whether fixing input inefficiencies is a priority for the decision maker or fixing price inefficiencies, 

two decompositions of cost efficiency and observed cost will be presented which are considered as a 

step-by-step path to eliminate inefficiencies. In both presented decomposition, attention has been paid 

to the elimination of both types of congestion inefficiency and congestion free technical inefficiencies 

in separate PPSs of quantities and prices.  
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The paper is organized as follow. The second part is dedicated to some preliminaries. In the third section, 

the proposed method for analyzing cost efficiency and observed cost is described in stages. In the fourth 

section, by giving two numerical examples and a practical example, we show the applicability of the pro-

posed method. The final section is devoted to conclusions and suggestions for the future studies . 

2. | Preliminary 

2.1 | Data Envelopment Analysis 

A pair of multiple-input mRX  and multiple-output sRY  is called an activity, and it is expressed by 

the notation )Y,X( .The set of feasible activities which is called the Production Possibility Set is given as 

follow: 

T = {(X, Y) | X can produce Y} 

The following properties is postulated in DEA for PPS T: 

1. Inclusion of observations: 

The observed activity )Y,X( jj  belongs to T  for all n,...,1j = . 

2. Convexity: 

If T)Y,X(   and T)Y,X(  , then T)Y)1(Y,X)1(X( −+−+  for all )1,0( . 

3. Ray unboundedness (Constant return to scale): 

If T)Y,X(  , then T)kY,kX(   for any positive scalar k . 

4. Free Disposal (Monotonicity): 

If T)Y,X(  and YY&XX  , then T)Y,X(  . 

5. Minimum extrapolation: 

If a PPS T  satisfies before postulates, then TT  . 

The unique empirical PPS VT  by four properties 1, 2, 4 and 5 is defined as follows:1 













=== 
===

n,...,1j;0,1,YY,XX)Y,X(T j

n

1j

j

n

1j

jj

n

1j

jjV

 

Sometimes this set is called the PPS of the BCC model, or the PPS with variable returns to scale technology 
2. The boundary of the PPS is called “efficient frontier”. Each DMU on the efficient frontier is called 

efficient, and the others are inefficient. There are various strategies that can determine the efficiency posi-

tion of an under evaluation. One of the most important of them aims to minimize inputs while satisfying 

at least the given output levels. This is called the input-orientation. There is another type called the output-

orientation that attempts to maximize outputs without requiring more of any of the observed input values. 

 

1  It is necessary to explain that by accepting all or some of the principles, and as well as changes in some 

principles such as ray unboundedness, different PPSs that led to models BCC-CCR, CCR-BCC, FDH, CHD 

[24] and etc. can be made, which the discussion of which is beyond the scope of this paper.  

2 Since from a managerial point of view, accepting the principle of othr than variable return to scale, especially 

for prices, may be far from reality, in this paper we have focused our attention only on the on a variable return 

to scale and the corresponding PPS of Tv. 
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To evaluate the relative efficiency of DMUo in Tv in the input orientation, the following BCC model can 

be solved: 

T - T +

n
-

j j o

j=1

n
+

j j o

j=1

n

j

j=1

j

- +

Min θ-ε(1 S +1 S )

s.t. λ X +S =θX

λ Y -S =Y

λ =1

λ 0, j=1,...,n

S 0 , S 0



 







                                                                                                               (1) 

where   is a non-Archimedean value, meaning that it is smaller than any small positive number. For 

more information about Epsilon, see [25] 

The output orientation version of BCC is: 

T - T +

n
-

j j o

j=1

n
+

j j o

j=1

n

j

j=1

j

- +

Max φ+ε(1 S +1 S )

s.t. λ X +S =X

λ Y -S =φY

λ =1

λ 0 j=1,...,n

S 0 , S 0



 







                                                                                                         (2) 

2.2 | Congestion 

Noura et al. [26] presented a relatively simple approach for finding congestion. Using this method, the 

input congestion of DMUo will be diagnosed as follows: 

The set E of efficient units of model (2), will be considered as
*
jE={j|φ =1} . Among the efficient units 

of the E set, the units with the highest values in at least one input will be selected and the input related 

to that unit will be specified with max
ix  . There is congestion in DMUo if and only if there is at least one 

of the following conditions in the optimal solution of Model (2), * * * *( , , , ) :s s  − +    

1. * 1o  and at least in one component, max
io ix x  . 

2. At least in one component, * 0rs +    and at least in one component, max
io ix x  .  

In this case, the congestion value will be c max
i io iS x x= −   in the thi  input. 
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3. | Methodology 

This section consists of two subsections. In the first part, we will explain the steps of the proposed method. 

In order to maintain the integrity of the proposed algorithm structure, we present in the second section 

some discussions about the PPSs, the models used, as well as some theoretical material that scientifically 

supports the proposed method. 

3.1 | Steps of the proposed method:  

Step1. Calculating the observed cost for DMUo with the input 𝒙𝒐 and the observed price 𝒄𝒐  

=

=
m

o io io
i 1

C c x

 
Step 2: Constructing the production possibility sets xP and cP  : 

( )
= = =

=   =  =   
n n n

x j j j j j j
j 1 j 1 j 1

P { X, Y |X λX ,Y λY , λ 1, λ 0, j 1, , n}  

( )
= = =

=   =  =   
n n n

c j j j j j j
j 1 j 1 j 1

P { C, Y |C λC ,Y λY , λ 1, λ 0, j 1, , n}  

Step 3: Calculations in xP and cP  : 

Part 1: Calculations in xP : 

1. Calculating the input congestion c
iS of the thi   input for ( ),o ox y  using model (2). 

2. Calculating the cost of the congestion-free input c c
io io iox x s= − ( )1, ,  ,i m=   with the observed price, 

1
oc  as follows:  

=

=
m

1 c
o io io

i 1

C c x  

3. Calculating the excess cost caused by congestion in the inputs: 

= −Input  congestion 1
o o oL C C

 
4. Calculating the input congestion efficiency:  

=
1

o

o

C
Input congestion efficiency

C
 

5. Finding the input technical efficiency of the unit ( ),c
o ox y with the components of congestion-free c

ox   

vector, using model (1) 

6. Obtaining the technical efficient point (input projection point) −= −
** * c

x o xox θ x s  using the optimal solu-

tion ( )* * * *, , ,x x x xs s  − +  of model (1). 

7. Calculating the cost of the technical efficient point 𝑥𝑜
∗, with the observed price 𝑐𝑜 as: 

=

=
m

2 *
o io io 

i 1

C c x  

8. Calculating the excess cost caused by technical inefficiency in the inputs: 
Tech. input 1 2
o o oL =C -C  

9. Definition of the (free congestion) input technical efficiency as:  

=
2

o
1

o

C
Input technical efficiency

C  

Part 2: Calculations in cP  : 

1. Calculating the input congestion c
iS  of the thi   price for ( ),o oc y   using model (2).  
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2. Calculating the cost of the congestion-free price c c
io io ioc c s= −  (i=1,…, m), with the observed 

input, ox as follows: 

=

=
m

c
o io io

3

i 1

c xC  

3. Calculating the excess cost caused by congestion in the prices: 

= −Price conge 3stion
o o oL C C  

4. Calculating the price congestion efficiency:  

=
3

o

o

C
Price congestion efficiency

C
 

5. Finding the price technical efficiency of the unit ( ),c
o oc y   with the components of congestion-

free 𝑐𝑜
𝑐 vector, using model (1) 

6. Obtaining the price efficient point (price projection point) 
−= − c

* * c *
c ooc θ sc  using the optimal 

solution ( )* * * *, , ,c c c cs s  − +   (of model (1). 

7. Calculating the cost of the price efficient point * ,oc with the observed input ox  as: 

=

=
m

4 *
o io  io

i 1

c xC  

8. Calculating the excess cost caused by price inefficiency in the inputs: 

Tech. Pri 4
o

ce
o

3
oL =C -C  

9. Definition of the (free congestion) price technical efficiency as: 

3
o

4
oC

Price technical efficiency=
C  

Step 4: Considering the various combinations of c
ix , *

ix , c
ic and *

ic  : 

Part 1: Calculating the costs  

1. The cost value of congestion-free input 𝑥𝑖
𝑐 with the technical efficient price 𝑐𝑖

∗ will be as: 

=


m

5 * c
o io   io  

i 1

C = c x

 
2. The cost value of technical efficient input 𝑥𝑖

∗ with the congestion-free price 𝑐𝑖
𝑐 will be as fol-

lows: 

=


m

6 c *
o io   io  

i 1

C = c x

. 

3. The cost value of technical efficient input 𝑥𝑖
∗ with the technical efficient price 𝑐𝑖

∗ will be as 

follows: 

=


m

7 * *
o io   i0  

i 1

C = c x

 
Part 2: Calculating the excesses: 

1. Calculating the excess cost caused by price congestion when the inputs are free of inefficiency 

(optimal inputs):  

 Price congestion 2 6
o o oL =C -C . 

2. Calculating the excess cost caused by price inefficiency when the inputs are free of inefficiency (op-

timal inputs): 

 Tech price 6 7
o o oL  =C -C  

3. Calculating the excess cost caused by input congestion when the prices are free of inefficiency (op-

timal prices):  

 Input congestion 4 5
o o oL =C -C . 
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4. Calculating the excess cost caused by input inefficiency when the prices are free of inefficiency (optimal 

prices): 

  Tech. input 5 7
o o oL =C -C  

The     sign is to emphasize that the inefficiencies of one of the factors have been eliminated or the optimal 

value of one of the factors has been considered. 

Part 3: Defining the efficiencies 

1. Definition of the price congestion efficiency when the inputs are free of inefficiency (optimal inputs):  
6

o
2

o

C
Price congestion efficiency=

C
 

2. Definition of the price technical efficiency when the inputs are free of inefficiency (optimal inputs):  
7

o
6

o

C
Price technical efficiency=

C
 

3. Definition of the input congestion efficiency when the prices are free of inefficiency (optimal Prices):  
5

o
4

o

C
Input congestion efficiency=

C
 

4. Definition of the input technical efficiency when the prices are free of inefficiency (optimal prices):  
7

o
5

o

C
Input technical efficiency=

C
 

Note that one can consider the combination of c
ix   and c

ic  , which has been neglected in this paper.  

Step 5: Constructing the production possibility set cxP .  

After removing the congestion and the price technical inefficiencies in xP  and cP  , and finding the optimal 

inputs *x  and prices *c  for DMUs, the new PPS 𝑃𝑐𝑥 which is a cost based technology is produced as 

follows: 

( )
= = =

=   =  =   
n n n

* *
cx j j j j j j j

j 1 j 1 j 1

P { CX, Y |CX λx c ,Y λY , λ 1, λ 0, j 1, , n}

  
Step 6: Calculations in cxP  :  

1. Obtaining the input of projection point * * * *
o cx o o cx c x s x −= −   using the optimal solution

* * * *( , , , )cx cx cx cxs s  − +   from model (1) for * *( , ).o o oc x y    

2. Calculating the cost for the technical efficient input 𝑥𝑜: 

=

=
m

8
o io

i 1

ˆC x  

3. Defining the Mix cost efficiency as: 
8

o
7

o

C
Mix Cost efficieny=

C
 

4. Calculating the excess cost caused by mix cost inefficiency:  

Mix 7 8
o o oL =C -C  

5. Finding the unit with the least cost 
9
oC  in cxP   using the following model (3): 
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=
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=

+ = = 
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=


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 =
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
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n
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1
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6. Defining the allocative efficiency as: 
9

o
8

o

C
Allocative efficiency=

C
 

7. Defining the excesses of cost caused by allocative inefficiency: 

Allocative 8 9
o o oL =C -C  

Step 7: Decompositions of cost and cost efficiency:  

Strategy 1: Preferring the input reduction on price reduction 

input congestion tech. input   price congestion   tech. price  Mix Allocative 9
o o o o o o o oC =L +L +L +L +L +L +C  

Cost eff.=Input congestion eff.×Input tech. eff×Price congestion eff. 

×Price tech. eff.×Mix ineff.×Allocative eff.
 

Strategy 2: Preferring the price reduction on input reduction 

price congestion tech.  price   input congestion   tech. input   Mix Allocative 9
o o o o o o o oC =L +L +L +L +L +L +C  

Cost eff.=Price congestion eff.×Price tech. eff.×Input congestion eff. 

×Input tech. eff.×Mix eff.×Allocative eff.
 

As it can be seen, the cost efficiency is dependent to different factors such as the input and price con-

gestion, the input and price efficiency, the mix and the allocative efficiency. Figure 1 shows the steps of 

the proposed cost and cost efficiency decomposition method.  
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Fig. 1: Overview of the proposed method 

3.2 | Theoretical Discussion 

During the steps of the proposed algorithm, 3 PPS were used, the first set (Px) being the same PPS with 

variable return to scale Tv. As stated in the background, this set is made by accepting a series of principles 

and taking into account the observed input and output quantities of the units. As mentioned before, Tone 

[24] and Tone and Tsutsui [22], using the basic principles of DEA, introduced their cost PPS. Their PPS 

were made by accepting the constant return to scale. In contrast, this paper is cautious about accepting the 

principle of constant return to scale in the presence of prices and therefore costs, and PPSs are based on 

variable return to scale. 

Step 1: Calculating the observed cost for DMUo with the 
input  and the observed price

Step 2: Constructing the production possibility sets Px and 
Pc

•Finding the congestion free and technical efficient points
and their costs in Px and Pc

•Calculating the input (price) congestion and technical
efficiencies in Px and Pc

•Finding the excess costs due to congestion and technical in
efficiencies

Step 3: Calculations in Px and Pc

•Calculating the costs, excesses and efficiencies of the cost
points

Step 4: Considering the various combinations of xi
c, xi

∗, ci
c

and ci
∗

Step 5: Constructing the production possibility set Pcx
using optimal inputs and prices

• Finding the projection points and optimal cost point

• Calculating the mix and allocative efficiencies

• Calculating the exess costs due to mix and allocative
inefficiencies

Step 6: Calcaulations in Pcx

Step 7: Decompositions of cost and cost efficiency
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Using the same principles for observed prices and outputs, the Pc set is created. During the proposed 

algorithm, in steps 3-1-1 (Step 3, Part 1-1) and 3-2-1, to investigate the presence of congestion in Px and 

Pc, the method of Noura et al [26] is used, which it uses model 2 itself. Clearly model (2) is always 

feasible. But the question is whether model (1) is feasible in evaluating virtual units with free of conges-

tion inputs and prices in 3-1-5 and 3-2-5 of the proposed method?  

Theorem 1: Model (1) is always feasible in evaluating units  ( , )c
o ox y  and ( ),c

o oc y . 

Proof: We consider the feasibility of model (1) for the evaluation of ( , ).c
o ox y  the proof is the same for

( ), .c
o oc y   

Suppose (𝜃𝑜
∗, 𝜆𝑜

∗ , 𝑠𝑜
−∗, 𝑠𝑜

+∗) is the optimal solution of model (1) in the evaluation ( )  ,o ox y . Then 

* * *
oj j o o o

j

x s x −+ =  , * *
oj j o o

j

y s y +− =  , * 1oj

j

 =  , * 0oj  . 

On the other hand as c c
o o ox x s= − , then c c

o o ox x s= + , and therefore * * * *( )c c
oj j o o o o o o

j

x s x x s  −+ = = +  . 

As a result * * * *c c
oj j o o o o o

j

x s s x  −+ − = . It is trivial that * * 0c
o o os s− −   . Since on contrary supposing 

* * 0c
o o os s− −     results * * c

o o os s−    which is in contrast with max slack of *
os −   in evaluating ( )  ,o ox y  

using model (1). So * * * * *( , , , )c
o o o o o os s s  − +−  is a feasible solution for the evaluation of  ( , )c

o ox y  using 

model (1).  

After obtaining points with no congested inputs in xP  and prices with no congested prices in cP  , pro-

jection points are obtained for such points in steps 3-1-6 and 3-2-6. To obtain projections, the optimal 

solution of model (1) in evaluating these points has been used. It can be easily proved that the optimal 

value is always positive and therefore model (1) will have a finite optimal value in evaluating these points. 

Therefore, such points are always accessible. As a result, input and price technical efficiencies can be 

calculated based on them. Also in 1-6, the optimal solution obtained from model (1) in the cost unit 

evaluation (𝑐𝑜
∗𝑥𝑜

∗ , 𝑦𝑜) in Pcx is used to obtain a projection point, which can be concluded with a similar 

argument that these points are also available. Therefore, mix efficiencies can be calculated based on 

them. On the other hand, in 6-5 we used model (3) to find the lowest cost point in Pcx. Since ˆ ˆi iox x=  ,

r roy y=  , 1o =  , ( )0 j j o =   , 0( )it i− =   and 0( )rt r+ =   apply in the model, so this model is also 

always feasible  . 

In all steps of the algorithm, different efficiencies are introduced based on the defined cost values. It 

can be easily shown that these values are in the range (0, 1] and also the excess costs defined in the 

algorithm are all non-negative.  

Theorem 2: The following efficiencies are all in the range (0, 1]. 

1. Input congestion efficiency 

2. Input technical efficiency  

3. Price congestion efficiency 

4. Price technical efficiency  

5. Mix efficiency 

6. Allocative efficiency 
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Proof: We express the proof for input congestion efficiency. It is the same for others and we refrain from 

expressing them. By definition Input congestion efficiency is 𝐶𝑜
1 𝐶𝑜⁄  . On the other hand 

( )1

1 1 1 1

m m m m
c c c

o io io io io io io io io io

i i i i

C c x c x s c x c s

= = = =

= = − = −    . As 0 ,ioc i   and 0 ,c
ios i  , So, 

1

1

m

o io io o

i

C c x K C K

=

= − = − .  Then
1

1 1o
o o

o

C
C C

C
    . On the other hand since always 𝐶𝑜

1 > 0 (obviously), 

therefore 1 / 0o oC C  .This completes the proof. So input congestion efficiency in the range (0, 1]. 

Theorem 3: The following excess cost values are all non-negative. 

1. Excess cost caused by congestion in the inputs (
Input  congestion

L ) 

2. Excess cost caused by technical inefficiency in the inputs ( Tech. inputL ) 

3. Excess cost caused by congestion in the prices (
Price congestion

L ) 

4. Excess cost caused by technical inefficiency in the prices ( Tech. priceL ) 

5. Excess cost caused by cost mix inefficiency (
MixL ) 

6. Excess cost caused by cost allocative inefficiency (
AllocativeL ) 

Proof: we show that 
Input  congestion

0L . The argument is similar for the rest. By definition

  1Input Congestion
o oL C C= −  . Given that in the process of proving Theorem 2 it was shown that 1

o oC C  , then

1 0o oC C−   , thus 
Input  congestion

0L .  

According to the above theorems, it can be concluded that all efficiencies, excess values and projection 

points are all calculable and well-defined, and therefore cost efficiency and observed cost can be decom-

posed based on these values.  

 

4. | Examples 

Example 1. 

Table1 shows the set of 6 DMU, which have one input and one output, and the price of the input unit has 

been specified.  

Table 1. Data of 6 DMUs 

 DMU Input 𝒙𝒋 Output 𝒚𝒋 Price of input 𝒄𝒋 Observed cost 𝒙𝒋𝒄𝒋 

A 2 1 4 8 
B 3 3 1.5 4.5 
C 4 4 2.5 10 
D 6 4 3 18 
E 7 3 3 21 
F 5 2 5 25 
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Fig. 2. PPS made by inputs and outputs of DMUs (𝐏𝐱). 

Figure 2 shows the PPS Px resulting from the inputs and outputs quantities for these 6 DMUs assuming 

variable return to scale technology. Clearly, units E and F in this set are technically inefficient, and the 

other units are technically efficient. Consider unit E. One can see that unit E has a congestion in its 

input. By decreasing one unit of congestion from the input of unit E, the 𝐸𝑐 point with value 6 is 

obtained (See figure 2). After removing the technical inefficiency of the congestion free point cE  , the 

can reach to the frontier point *E  .  

In the second column of Table 2, the congestion free input value for 6 DMUs can be seen. In the third 

column, there is cost of these inputs. In the two last columns of the Table 2, the efficient technical 

inputs and their costs can be seen which are obtained by removing input technical inefficiencies. The 

information in this table is derived from some part 2 calculations of the third step of the proposed 

algorithm. The values related to the excesses costs and efficiencies of each of the points without con-

gestion and technical inefficiencies in xP  will be presented in Tables 4-7. 

Table 2. The congestion free and technical efficient inputs and their costs in 𝐏𝐱 

 

It can be noted that in the calculation of the costs in Table 2, the observed prices is used. So it may there 

is some inefficiencies in the prices. On the other hand, considering the prices and outputs, one can form 

the 𝑃𝑐 (Figure 3).  

DMU 𝒙𝒋
𝒄 𝒙𝒋

𝒄𝒄𝒋 𝒙𝒋
∗ 𝒙𝒋

∗𝒄𝒋 

A 2 6 2 6 
B 3 4.5 3 4.5 
C 4 10 4 10 
D 6 18 4 12 
E 6 18 3 9 
F 5 25 2.5 12.5 
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Fig. 3. PPS made by prices and outputs of DMUs (𝐏𝐜) 

Table 3, the first column, shows the prices after congestion removed (𝐴′𝑐 and  𝐹′𝑐
in Figure 3). 

This time, we consider the process in Part II of the third step to obtain congestion and technical ineffi-

ciency free prices. It is clear that units A 'and F' have a congestion of 2 and 1 units, respectively, while 

other units E 'and D' have only technical inefficiencies in the first input price. Therefore, congestion free 

points corresponding to price based units A ', F', E 'and D' will have value 3 in their input. The values are 

given in column 2 of Table 3. In the third column of this table, the corresponding prices for the points for 

which price congestion inefficiency has been eliminated are obtained using the observed input vector cor-

responding to each unit. Columns 4 and 5 of Table 3 show the optimal prices and corresponding costs. As 

can be seen from Figure 3, there is no price inefficiency for units B 'and C', as they are on the Pc efficiency 

frontier. Therefore, their input price vector is in the optimal position. However, the values of the second 

and fourth columns for other units have changed, indicating the existence of costly technical inefficiencies 

after the elimination of congestion inefficiencies (if any). In the last three columns of Table 3, the cost 

values for the various combinations of modified inputs and outputs, which correspond to the first part of 

step 4 of the proposed algorithm, are given. 

Table 3. The congestion free prices, technical efficient prices and their corresponding costs in 𝐏𝐜 

 

 

 

The values in the last column of Table 3, obtained using the inputs and optimal prices of steps 1 to 3, are 

the basis for constructing the cxP   cost PPS. The corresponding units for each of the A-F units in cxP  are 

indicated by the ̅ symbol in Figure 4. As can be seen in the figure, and of course it was expected in 

advance, since most of the inefficiencies of the units in the two sets xP  and cP have been eliminated, all 

the units in this space are on the efficient frontier and therefore do not have Mix inefficiencies. In this set, 

unit 𝐴̅ is clearly a frontier unit with the lowest cost, and therefore it can be introduced as a cost-efficient 

point, and the allocative efficiencies of other units 𝐵̅ − 𝐹̅ can be found according to that unit. The opera-

tions related to investigating the existence of mix inefficiencies, finding the cost efficiency point and cal-

culating the allocative efficiencies are performed based on step 5 of the proposed algorithm. 

 

DMU 𝒄𝒋
𝒄 𝒙𝒋𝒄𝒋

𝒄 𝒄𝒋
∗ 𝒙𝒋𝒄𝒋

∗ 𝒙𝒋
∗𝒄𝒋

𝒄 𝒙𝒋
𝒄𝒄𝒋

∗ 𝒙𝒋
∗𝒄𝒋

∗ 

A' 3 6 1.5 3 6 3 3 
B' 1.5 4.5 1.5 4.5 4.5 4.5 4.5 
C' 2.5 10 2.5 10 10 10 10 
D' 3 18 2.5 15 12 15 10 
E' 3 21 1.5 10.5 9 9 4.5 
F' 3 15 1.5 7.5 7.5 7.5 3.75 
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Fig. 4. Production possibility set 𝐏𝐜𝐱  

In this case, all cost inefficiencies of other units can be calculated based on a comparison with this cost 

efficient unit. Also, the amount of excess costs of all units can be analyzed in comparison with this point. 

Table 4 shows the excess costs imposed due to various inefficiencies, assuming that input correction 

takes precedence over price correction. Table 5 presents the excess costs imposed due to various inef-

ficiencies, assuming that price correction takes precedence over input correction. 

Table 4. Excess costs when input reduction is preferred. 

 

Table 5. Excess costs when price reduction is preferred. 

 

 

 

 

Table 6, in turn, shows the decompositions of inefficiencies when the priority is the removal of the input 

inefficiencies, and Table7 shows those when one tries to remove the price inefficiencies as the first 

priority. 

Table 6. Efficiency decomposition when input reduction is preferred. 

 

DMU 𝑳𝒐
𝑰𝒏𝒑𝒖𝒕 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
𝑻𝒆𝒄𝒉.𝒊𝒏𝒑𝒖𝒕 

 𝑳𝒐
𝑷𝒓𝒊𝒄𝒆 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
𝑻𝒆𝒄𝒉 𝒑𝒓𝒊𝒄𝒆

 𝑳𝒐
𝑴𝒊𝒙𝒆𝒅 𝑳𝒐

𝑨𝒍𝒍𝒐𝒄𝒂𝒕𝒊𝒄𝒆 

A 2 0 0 3 0 0 
B 0 0 0 0 0 1.5 
C 0 0 0 0 0 7 
D 0 6 0 2 0 7 
E 3 9 0 4.5 0 1.5 
F 0 12.5 5 3.75 0 0.75 

DMU 𝑳𝐨
𝑷𝒓𝒊𝒄𝒆 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
𝑻𝒆𝒄𝒉.  𝑝𝑟𝑖𝑐𝑒 

 𝑳𝒐
𝑰𝒏𝒑𝒖𝒕 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
𝑻𝒆𝒄𝒉.𝑖𝑛𝑝𝑢𝑡

 𝑳𝒐
𝑴𝒊𝒙𝒆𝒅 𝑳𝒐

𝑨𝒍𝒍𝒐𝒄𝒂𝒕𝒊𝒄𝒆 

A 2 3 0 0 0 0 

B 0 0 0 0 0 1.5 

C 0 0 0 0 0 7 

D 0 3 0 5 0 7 

E 0 10.5 1.5 4.5 0 1.5 

F 10 7.5 0 3.75 0 0.75 

DMU Input conges-
tion Eff. 

Input 
tech. eff. 

Price conges-
tion eff. 

Price 
tech. eff. 

Mixed 
eff. 

Allocative 
eff. 

Overall 
eff. 

A 0.75 1 1 0.50 1 1 0.38 
B 1 1 1 1 1 0.67 0.67 
C 1 1 1 1 1 0.30 0.30 
D 1 0.67 1 0.83 1 0.30 0.17 
E 0.86 0.50 1 0.50 1 0.67 0.14 
F 1 0.50 0.60 0.50 1 0.80 0.12 
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Table 7. Efficiency decomposition when price reduction is preferred. 

 

 

 

 

Figure3 shows the cost decomposition of unit E. If the priority is the removal of input efficiencies, the 𝐸𝑜 

point will be the cost of observed input with observed price, 𝐸𝑐 will be the cost of congestion-free with 

observed price, 𝐸∗ will be the cost of technical efficient input with the observed price, and 𝐸̅ will be the 

cost of technical efficient input with the technical efficient price. In this condition, the decomposition of 

costs will be as follows: 

= = + + + + + +E 21 3 9 0 4.5 0 1.5 3C   

Moreover, if the priority is to remove the price efficiency, the 𝐸𝑜point will be the cost of observed input 

with the observed price and also the cost of observed input with the congestion-free price (since there is 

no congestion in the E price), 𝐸∗′
 will be the cost of observed input with the technical efficient price, 𝐸∗ 

will be the cost of congestion-free input with the technical efficient price, and  𝐸̅ will be the cost of technical 

efficient input with the technical efficient price. In this case, the decomposition of costs will be as follows: 

= = + + + + + +E 21 0 10.5 1.5 4.5 0 1.5 3C   

In the above example, the points obtained the multiples of technical projections of inputs and prices in the 

𝑃𝑐𝑥 space are efficient in this space, and as it was said, this is because all the input and price efficiencies 

have been already eliminated in the 𝑃𝑥 and 𝑃𝑐 spaces. In some cases, these points may not be efficient in 

the 𝑃𝑐𝑥 space and the remaining inefficiency might not be caused by inefficient inputs or prices, and this 

type of inefficiency referred to as mix efficiency in the present study. In the following example, this type 

of inefficiency can be seen.  

Example 2. 

Table8 shows the set of six DMU which has two inputs and one output, 1 for all the units, along with the 

input prices. Table 9 shows the cost decomposition when the priority is to decrease the input. However, 

Table10 shows the cost decomposition when the priority is to decrease the price. As it can be seen, in this 

example, after the technical and congestion inefficiencies are removed in the input space and price space, 

some inefficiencies will continue to exist, and Tables 9 and 10 show the cost shortages caused by this Mix 

inefficiencies in the sixth column.  

Table 8. Data of DMUs (Example 2) 

 

DMU price conges-
tion eff. 

Price 
Tech. eff. 

Input conges-
tion eff. 

Input 
tech. eff. 

Mixed 
eff. 

Allocative 
eff. 

Overall 
eff. 

A 0.75 0.50 1 1 1 1 0.38 
B 1 1 1 1 1 0.67 0.67 
C 1 1 1 1 1 0.30 0.30 
D 1 0.83 1 0.67 1 0.30 0.17 
E 1 0.50 0.86 0.43 1 0.67 0.14 
F 0.60 0.50 1 0.50 1 0.80 0.12 

DMU Input 1 Input 2 Output Price of input 1 Price of input 2 

A 3 1 1 2 3 
B 2 2 1 4 2 
C 4 3 1 0.5 2 
D 5 1 1 1 3 
E 3 4 1 1.5 1 
F 6 2 1 2 4 
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Table 9. Cost decomposition of DMUs in example 2, when input reduction is preferred 

 

Table 10. Cost decomposition of DMUs in example 2, when price reduction is preferred 

 

Example 3. 

In order to show the practicability of this decomposition, we use the example presented by Tone and 

Tsutsui [22]. Table11 shows the data of 12 hospitals, consisting of two inputs (physicians and nurses) 

and the price of each input unit (wages of each physician and nurse) and two outputs (number of hos-

pitalized patient and outpatient). Table12 and 14 shows the decomposition of cost and efficiency for 

the case in which the priority is to remove the input inefficiencies or decrease the input, i.e. to decrease 

the number of physicians and nurses, than to decrease their wages. Table13 and 15 shows the decom-

position of cost and efficiency for the case in which the priority is to remove the price inefficiencies, i.e., 

to decrease the wages of physicians and nurses, than to decrease the workforce consisting of physicians 

and nurses. Unit E, with the best performance among all the units, has only the technical inefficiency, 

i.e., Hospital E just has to decrease the workforce in order to achieve efficiency. 

Table 11. Data of 12 hospitals. 

 

 

 

DMU 𝑳𝒐
𝒊𝒏𝒑𝒖𝒕 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
𝒕𝒆𝒄𝒉.𝒊𝒏𝒑𝒖𝒕 

 𝑳𝒐
𝒑𝒓𝒊𝒄𝒆 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
𝒕𝒆𝒄𝒉 𝒑𝒓𝒊𝒄𝒆

 𝑳𝒐
𝑴𝒊𝒙 𝑳𝒐

𝒂𝒍𝒍𝒐𝒄𝒂𝒕𝒊𝒄𝒆 

A 0 0 0 4.5 0 0.73 
B 0 0 0 7 0.83 0.4 
C 0 3.43 0 0 0 0.8 
D 0 2 0 2.23 0 0 
E 0 3.5 0 0 0.83 0.4 
F 0 10 0 5.84 0 0.93 

DMU 𝑳𝒐
𝒑𝒓𝒊𝒄𝒆 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
𝒕𝒆𝒄𝒉.𝒑𝒓𝒊𝒄𝒆

 𝑳𝒐
𝒊𝒏𝒑𝒖𝒕 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
 𝒕𝒆𝒄𝒉.𝒊𝒏𝒑𝒖𝒕 

 𝑳𝒐
𝑴𝒊𝒙𝒆𝒅 𝑳𝒐

𝒂𝒍𝒍𝒐𝒄𝒂𝒕𝒊𝒗𝒆 

A 0 4.5 0 0 0 0.73 
B 0 7 0 0 0.83 0.4 
C 0 0 0 3.43 0 0.8 
D 0 2.97 0 1.26 0 0 
E 0 0 0 0.5 0.83 0.4 
F 0 11.68 0 4.16 0 0.39 

 Inputs Outputs 

DMU Number of 

inpatient 

Number of 

outpatient 

Per 

Nurse's 

fee 

Number of 

nurses 

Per Doc-

tor's fee 

Number of 

doctors 

Number of 

inpatient 

A 90 100 100 151 500 20 90 

B 50 150 80 131 350 19 50 

C 55 160 90 160 450 25 55 

D 72 180 120 168 600 27 72 

E 66 94 70 158 300 22 66 

F 90 230 80 255 450 55 90 

G 88 220 100 235 500 33 88 

H 80 152 85 206 450 31 80 

I 100 190 76 244 380 30 100 

J 100 250 75 268 410 50 100 

K 147 260 80 306 440 53 147 

L 120 250 70 284 400 38 120 
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Table 12. Cost decomposition of DMUs in real example, when input reduction is preferred 

 

Table 13. Cost decomposition of DMUs in real example, when price reduction is preferred 

 

Table 14. Efficiency decomposition of DMUs in real example when input reduction is preferred. 

 

 

 

 

 

Table 15. Efficiency decomposition of DMUs in real example when price reduction is preferred. 

 

 

 

 

 

 

 

DMU 𝑳𝐨
𝒊𝒏𝒑𝒖𝒕 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
𝒕𝒆𝒄𝒉.𝒊𝒏𝒑𝒖𝒕 

 𝑳𝒐
𝒑𝒓𝒊𝒄𝒆 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
𝒕𝒆𝒄𝒉 𝒑𝒓𝒊𝒄𝒆

 𝑳𝒐
𝑴𝒊𝒙𝒆𝒅 𝑳𝒐

𝒂𝒍𝒍𝒐𝒄𝒂𝒕𝒊𝒄𝒆 

A 0 0 4220 2610 0 2720 
B 0 0 0 1577.9 0 2.1 
C 0 2998.8 1650 2625.15 0 2826.05 
D 0 0 11040 3165 0 6605 
E 0 2110 0 0 0 0 
F 900 5552.1 434.3 4688.27 0 18025.33 
G 0 0 6680 4165 0 13605 
H 0 6330.4 1070.4 3007.4 0 5501.8 
I 0 1906.84 0 1765.53 0 10721.63 
J 0 0 0 1840 0 23210 
K 0 0 0 0 0 32250 
L 0 0 0 0 0 19530 

DMU 𝑳𝒐
𝒑𝒓𝒊𝒄𝒆 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
𝒕𝒆𝒄𝒉.𝒑𝒓𝒊𝒄𝒆

 𝑳𝒐
𝒊𝒏𝒑𝒖𝒕 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 𝑳𝒐
 𝒕𝒆𝐜𝒉.𝒊𝒏𝒑𝒖𝒕 

 𝑳𝒐
𝑴𝒊𝒙𝒆𝒅 𝑳𝒐

𝒂𝒍𝒍𝒐𝒄𝒂𝒕𝒊𝒗𝒆 𝑳𝒐
𝒑𝒓𝒊𝒄𝒆 𝒄𝒐𝒏𝒈𝒆𝒔𝒕𝒊𝒐𝒏

 

A 23012 2610 0 0 0 2720 23012 

B 0 1577.9 0 0 0 2.1 0 

C 1850 2975 0 2448.95 0 2826.05 1850 

D 11040 3165 0 0 0 6605 11040 

E 0 0 0 2110 0 0 0 

F 550 5455.1 774.36 4795.21 0 18025.33 550 

G 6680 4165 0 0 0 13605 6680 

H 1340 3765 0 5303.2 0 5501.8 1340 

I 0 1904.28 0 1768.09 0 10721.63 0 

J 0 1840 0 0 0 23210 0 

K 0 0 0 0 0 32250 0 

L 0 0 0 0 0 19530 0 

DMU Input conges-
tion eff. 

Input 
tech. eff. 

Price conges-
tion eff. 

Price 
tech. eff. 

Mixed 
eff. 

Allocative 
eff. 

Overall 
eff. 

A 1 1 0.83 0.88 1 0.85 0.62 
B 1 1 1 0.91 1 0.99 0.91 
C 1 0.88 0.93 0.88 1 0.85 0.61 
D 1 1 0.70 0.88 1 0.70 0.43 
E 1 0.88 1 1 1 1 0.88 
F 0.98 0.87 0.99 0.88 1 0.46 0.34 
G 1 1 0.83 0.88 1 0.53 0.39 
H 1 0.80 0.96 0.88 1 0.74 0.49 
I 1 0.94 1 0.94 1 0.59 0.52 
J 1 1 1 0.95 1 0.40 0.38 
K 1 1 1 1 1 0.33 0.33 
L 1 1 1 1 1 0.44 0.44 

DMU Price conges-
tion eff. 

Price 
tech. eff. 

Input conges-
tion eff. 

Input 
tech. eff. 

Mixed 
eff. 

Allocative 
eff. 

Overall 
eff. 

A 0.83 0.88 1 1 1 0.85 0.62 
B 1 0.91 1 1 1 0.99 0.91 
C 0.93 0.88 1 0.88 1 0.85 0.61 
D 0.70 0.88 1 1 1 0.70 0.43 
E 1 1 1 0.88 1 1 0.88 
F 0.99 0.88 0.98 0.88 1 0.46 0.34 
G 0.83 0.88 1 1 1 0.53 0.39 
H 0.96 0.88 1 0.80 1 0.74 0.49 
I 1 0.94 1 0.94 1 0.59 0.52 
J 1 0.95 1 1 1 0.40 0.38 
K 1 1 1 1 1 0.33 0.33 
L 1 1 1 1 1 0.44 0.44 
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5 | Conclusion 

One of the main strengths of DEA compared to other methods of evaluating the performance of 

DMUs, is that in addition to providing a performance score, it also provides factors affecting inefficien-

cies, so unit decision makers understand the reasons for the weakness and can plan to fix them. If, in 

addition to the input and output data of DMUs, price information is also available, various factors in-

fluencing cost inefficiency can be determined. If the prices for the units are not the same, it is possible 

that the units have been inefficient in providing resources at a reasonable price. Therefore, in addition 

to inefficiency factors related to the quantities of inputs and outputs, inefficiency factors in prices must 

also be determined. In this paper, for the first time, three PPS was used to provide a decomposition for 

cost efficiency. Accordingly, congestion and technical inefficiencies in the PPS based on input and out-

put quantities ( )xP , and based on input and output prices ( )cP were considered. In addition, two other 

types of inefficiencies, mix and allocative inefficiencies, were introduced in the third PPS ( )cxP , which 

was the result of input and optimal price vectors resulting from operations in the first two sets. Since 

each type of cost inefficiency leads to an excess cost, we express the cost of observation as the sum of 

the optimal cost and excess costs. Based on whether in the process of fixing inefficiencies, fixing ineffi-

ciencies related to inputs is a priority or fixing price inefficiencies, we presented two types of analysis 

for cost efficiency as well as observed cost. 

In the present study, the proposed efficiency decomposition are apt for a case in which the input price 

data are available. If the output prices, in addition to the input price data, are available, one can analyze 

the profit and income efficiencies by developing the proposed method. Due to the existence of inaccu-

rate and ambiguous data in the amount of inputs and costs, and the importance of fuzzy data envelop-

ment analysis, the researchers are refered to [27-32] for future studies. Moreover, the proposed method 

can be used when the structure of the DMUs is in the form of a network. In the evaluation, Moreover, 

the units were considered to be quite independent, and there was not any discussion concerning the 

hierarchical and group structures, not for a case in which the units are under a centralized or original 

decision-maker with the possibility of resource displacements, which can be considered in future studies. 
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