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Abstract

In traditional cost-efficiency models, inputs and outputs, as well as input prices were known as constant values for each
decision-making unit In our daily applications, however, market entry prices vary at different times. In other words, input
prices for Decision-Making Units (DMUs) are time dependent. Traditional methods cannot calculate the cost efficiency
of DMUs with time-dependent prices. This paper proposes a new method to calculate the cost efficiency of DMUs in
the presence of time-dependent prices. The proposed model is a parametric programming problem model depending on
time. In the presented model, the inputs and outputs are functions in terms of time, which is not present in the models
introduced by other researchers. New definitions for time-dependent cost efficiency have also been introduced. The cost
efficiency of DMUs is measured over a given time and the units are ranked according to the time obtained. Finally, a
numerical example has been presented to illustrate the proposed method.
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1 | Introduction

Licensee Journal | Data Envelopment Analysis (DEA), first introduced by Charnes et al. [4], is a non-parametric method
of Applied Researchon | for evaluating the performance of Decision-Making Units (DMUs). With the help of DEA, the
Industrial Engineering. | efficiency of the DMUs can be calculated and the DMUs can be ranked. Many studies have been
Thisarticleisanopen | qycted in this area, including Banker et al. [1], Edalatpanah [7], Khodabakhshi and Cheraghali

access article distributed

[17], and Maghbouli and Moradi [20] Managers, in addition to evaluating DMUs, are always looking

under the terms and

conditions of the Creative | fOf all ways of manufacturing their products with minimal costs. In practice, DMUs can be valued in

Commons Attribution terms of costs, profits, or revenues if input and output prices are available. In fact, in cost efficiency
(CC BY) license models, the ability to yield current outputs is evaluated at minimum cost.
(http://creativecommons.

org/licenses/by/4.0). The concept of cost efficiency was first introduced by Farrell [11] and then by Fire et al. [9] used the
linear programming model to develop cost efficiency. They defined the cost-effectiveness of a DMU

as the ratio between the minimum production cost and the actual observed cost. Tone [29] improved
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the Fire et al. [9] by evaluating DMUs using cost-based production possibility rates instead of traditional
production possibility rates. Other studies in this area include Kholmuminov and Wright [18], Haralayya
and Aithal [12], [13].

Traditional methods (such as Fire et al. [9] and Tone [29]) of the cost efficiency of different DMUs have
been calculated when all data, including inputs, outputs and prices of inputs, are determined precisely.

However, in practice, the values for the outputs or inputs or their prices may be uncertain.

Recently, various uncertain data have been introduced, including fuzzy data, interval data, and stochastic
data. In addition, many studies have been conducted to calculate the efficiency of DMUs, as well as the
cost efficiency, profit efficiency, and revenue efficiency of DMUs in the presence of uncertain data. Some
of these studies atre discussed here.

In recent years, many researchers have studied the use of fuzzy theory for cost efficiency. Jahanshahloo et
al. [16] examined for the first time the assessment of cost efficiency considering the fuzzy DEA. Several
studies have subsequently been carried out in this area, including Puri and Yadav [25] Pourmahmoud and
Sharak [23], [24]. Camanho and Dyson [3], and Hosseinzadeh Lotfi et al. [15] are the first ones to calculate
DMUs cost efficiency in the presence of interval data. Camanho and Dyson [3] calculated the cost
efficiency of DMUs while the inputs and outputs values at each DMU were certain and input prices were
interval. They calculated the cost efficiency of DMU in which the input values and output values of each
DMU as well as the input prices were certain. Sun et al. [27] and Dyvak et al. [6] are the most recent studies
in the field of interval data.

There are many models and methods associated with time in DEA, but most of them attempt to study
DMU performance over different time periods. These methods can be divided into three categories
including productivity index, window analysis and dynamic systems. In the network structure, the
Malmquist Productivity Index (MPI), first introduced by the Swedish economist Malmquist [21], is used to
measure changes in productivity over time. Dynamic systems are repetitions of the single-period systems
which are connected by carryovers, where a single-period system can have any particular structure. Fire
and Grosskopf [10] studied this topic eatlier. Li et al. [19] studied dynamic prediction of financial distress
using Malmquist DEA. Pourmahmoud [22] introduced a new model for ranking DMU based on Dynamic
DEA. Data window analysis method was first introduced by Charnes and Cooper [5], as a window analysis.
The window analysis method evaluates the performance of each DMU as if it had a different identity at
any point in time. In this method, each window consists of a specific number of studies years, beginning
with the base year and continuing for the duration of the window. The efficiency values of each DMU are
calculated each year, taking into account that the average of the efficiency calculated in this window is the
efficiency value of that DMU in this window. By moving the window to a new period (deleting the base
year and adding a year at the end of the window), the efficiency values in the new window are calculated
for DMUs. Finally, the petformance of each DMU is evaluated by comparing each window's efficiency
scores to other DMUs over the period.

Another time-related problem is calculating the efficiency of DMUSs with time-varying data. Another type
of data, called time-dependent data, was first reported by Taeb et al. [28]. They calculated the efficiency of
DMUs where the input and output values were time-dependent. In fact, the price of gold, oil, stocks, etc.
depends on time. Sometimes the price fluctuations are strong, so the change in cost efficiency over a period
of time is very significant. A rapid calculation is required to have a real and updated value for cost efficiency.
In this study is to calculate the cost efficiency of DMUs in which market prices for inputs are time
dependent and the values of inputs and outputs are certain. Recently, studies have been conducted on cost
efficiency, including Fallahnejad et al. [8], Soleimani-Chamkhorami and Ghobadi [26], and Hatami-Marbini
and Arabmaldar [14], which none of them is time-dependent data. In this study, we consider inputs and
outputs as a function of time. This feature is not present in any of the previous models. This is the
superiority of the model presented in this study compared to previous models. Literature gap is given in
the table below.



Table 1. Literature gap.

Researches Method Used

Previous Reseatches [3], [15], Calculating the efficiency of DMUs or their cost efficiency in the

[16], [28] presence of inputs and outputs time-dependent or fuzzy or interval.

Current study Calculation of DMUs cost efficiency in the presence of time-dependent
prices.

Comparison In none of the previous models, cost efficiency has been calculated in

the presence of time-dependent input prices. In this study, for the first
time, input prices are considered as a function of time.

This paper is organized as follows. Section 2 includes an introduction to the traditional cost efficiency
from the viewpoint of Fire et al. [9]. Section 3 presents the proposed time-dependent cost efficiency
model. In Section 4, a numerical example illustrating the proposed approach is provided. Finally,

conclusion is given in Section 5.

2 | Introduction to the Old-Style Cost Efficiency

Suppose DMU, produces the output y, =(¥,,, ¥, Y,) using the input X, = (X, , X, - X, )
while all input and output components are nonnegative and X, #0,y, # 0. Suppose also that the input

price vector for DMU , isw, =(w, ,w, ,..,w_ ). Therefore, the observed cost by DMU, is:

DMU, is cost efficient when the observed cost by DMU, is the lowest cost that can produce y.

Suppose there are a set of n observations on the DMUs each of which produces s number of outputs
by using m number of inputs. Banker et al. [1] defined the production feasibility set for these data in
Variable Return to Scale (VRS) mode as follows:

T={(x,y):x> ]Z;?\jxj,y < Z;?\jyj,jzl:)\j =1,A,20,j= 1,2,...,n}.
- p =
Fire et al. [9] introduced cost minimization model as follows:
C, =min w x
st. (x,y )eT. 1)

Model (1) in VRS mode is written as follows:

m
Ck =1nin Z WX

=l
s.t. Z?\jxij <x,i=12,..,m,

jrl

Z?\jyrj Zyrk,r=1,2,...,s, 2

jml
S =1,

K'20,j=1,2,..,n.

If x"=(x;,x},....x, ) is the optimal solution for Mode/ (2), the minimum cost for producing yj is
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Since (x,,y,)€T ,and C, is the actually observed cost by DMU, and C, is also the minimum possible

cost for producing the output of DMU, , so C, <C, .DMU  is cost efficient whenever C, =C, . Fire et

al. [9] introduced the cost efficiency of DMU, as follows:

Evidently, CE, <1;and the closer CE, gets one, the more efficient DMU, becomes in terms of cost.

3 | Proposed Model for Time Dependent Cost Efficiency

Since in real market ices of gold, oil, and stock etc. often fluctuate over time in some cases, cost efficiency
evaluation of DMUS is considered over a period of time. Therefore, the cost efficiency of DMUs that use

these inputs would vary by time. Hence, in such a case the estimation would be time dependent. Based on
the Fire model, suppose market prices at time t for input i of DMU, equalsw, (t). w,(t) is a time
dependent function that may be a constant function. Being constant means that the price of the i-th input

of DMU, over a period of time is constant. Therefore the observed cost by DMU, (at the moment t) is
C ()= Zwik(t)xik' ©)
i-1

DMU  is cost efficient at moment t when the observed cost by DMU, is the lowest cost that can produc

Vi

If market prices of the inputs are time dependent, the minimum cost for producing y, will also be time

dependent. Therefore, Mode/ (2) can be rewritten as follows to estimate the cost of DMU, in VRS mode

over t€ |[a, b]:

C.(t)= minZwik(t)xi
=1
s.t. 2?\")(” <x,i=12,..,m,
p

3 _ 4
ZP\qu. 2y, ., r=12,.,s, 4)

jnl

DA =1,

K'>0,j=1,2,.,n.

Definition 1. A function of Time Dependent Cost Efficiency (TDCE) for DMU, , CE, (t) is defined as

follows:

CL(b)
CE, (t)= c (t)‘ (5)

Obviously, in Relation (5), C, (t) # 0 for all t since the observed cost by a DMU would never be zero. Also

with respect to Model/ (3) for all t, CE, (t)<1.1f for DMU, at t;, CE,(t,)=1 then this DMU will be the
cost efficient at t; consequently, DMU, may be efficient in one moment and inefficient in another moment.

Hence, for DMU, there will be three states. The following definition shows TDCE state of DMUs.

Definition 2. In terms of TDCE, the following three states can be considered for DMU, :



I. If for allte[a,b]; CE,(t) =1, then DMU, is named global-efficient based on TDCE.

11. If there exists t.t, e [a,b];CEk(tl) = 1,CEk (tz) <1, then DMUk is named local-efficient based

on TDCE.
II. If for all te[a,b]; CE, (t)<1, then DMU, is named none-efficient based on TDCE.

The following is a graph of the cost efficiency in terms of time for DMUs in all three states:

CE CE CE
4 A A
1- 1 /\A 1A
! b : L f /\/| >t
a b a b a b
First case: global-efficient Second case: local-efficient Third case: none-efficient

Fig. 1. Graph of the TDCE for DMUs.

As mentioned above, a more comprehensive definition of TDCE can be introduced and ranking DMUs

can also be done using this definition.

Definition 3. The value for the TDCE of DMU, over T =[t ,t,](t <t,) which is shown by the

symbol CEZ can be calculated as follows:

1 t,
CE' = s L CE, (t)dt. ©6)

Theorem 1. For every time interval T =[t,t,] (t,<t,) we have CE| <1.
Proof: given that for all t€ T = [t,,t,],CE, (t) <1, then:
“CE, (t)dt<[ dt=["CE (tdt<t, —t 1 [“CE ()dt<1=CE' <1
J, CE(hdt<] "de=[ " CE, (hde<t, - Fﬁﬁ] ((Ddt<1=CE, <1.
The geometric proof of the theorem can be stated using the data in Fig. 2 as follows. In Definition 3, the
value of I:z CE, (t)dt is the area under the graph of the function CE, (t) shown by the colored part in
Fig. 2. t,—t, is also the value of J.:z dt, that is, the area under the graph of the constant function

CE, (t)=1. So the value for CE| is always less than or equal to one.

Proposition 1. In TDCE evaluation of DMUs, at any given moment, there is always a DMU whose
cost efficiency is one.
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Proof: In the calculation of DMUs cost efficiency, in the traditional Mode/ (2), there is always at least a
DMU whose cost efficiency equals one. Since time is fixed, when DMUs in the given t =« is evaluated,
Model (4) becomes the traditional Mode/ (2). So at this moment, there is a DMU whose cost efficiency equals

one.

51 t,

Fig. 2. The cost efficiency versus time.

Corollary 1. In TDCE evaluation of DMUs, there may not be a DMU that is global-efficient, but there is
always a DMU that is local-efficient. Therefore, it can be said that in this type of evaluation, at any time
interval, for n DMU under evaluation, there is always a DMU that is not totally none-efficient.

Definition 4. In the time interval I = [a, b] for DMU, , the De¢finition 3 is rewritten as follows:
1

b
CE, =-— [ CE, (vdt. ™

In the specific case I, =[0,1], the TDCE value of DMU, is equal to:

1
CE; = jo CE, (t)dt. ®)

Definition 5. If we have in T =[t ,t,] for DMU, and DMUq :CE; < CEZ , then efficiency of DMU,

is higher than efficiency of DMUq and as a result DMU, is more efficient than DMUq . Hence, using

this definition, DMUs can be ranked according to their performance.
Solving algorithm for Model (4)

The price of the inputs in the objective function of Mode/ (4) is a function of the variable t, which changes
continuously. Given the definition of the parametric programming problem, Mode/ (4) is also a parametric
programming problem. The model can be solved by a parametric problem solving algorithm. The model
resolution algorithm in Mode/ (4) is proposed by Bazaraa et al. [2]:

1. For t=a, solve the model with the simplex algorithm.
2. Replace the alterations ed by changes in the objective function cost vector using the sensitivity analysis in

optimal table extracted from Step 1. In other words, calculate the objective function values and Z, -, of

the non-basic variables by considering the cost vector and replace them in the row of the optimal table
objective function extracted from Step 1. If the final table fails to be unified after the effect of parameter t,
unify it.

3. Find the permissible range of parameter t by setting 2z, —¢, <0 to keep the table optimized. Then increase

t until the table loses optimality and select the first available non-basic vatiable Z,-C¢ > 0 as the basic input

variable.

4. Repeat Step 3 until for every t and for all non-basic variables z, —¢; < 0. Then the optimal solution is

obtained.



4 | Numerical Examples

Three numerical examples in different modes are presented in this section to illustrate the proposed
method. All three examples measure TDCE functions and TDCE values for five two-input, one-output
DMUs. The input values for the DMUs have not changed in all three examples. In the first example,
the output of all DMUs is one. In the second example, we assume that the input prices are different for
each DMU. Finally, in the third example, we not only look at input prices differently, but also at different
outputs. The proposed method had good results for the three cases.

Example 1. Suppose that there are five DMUs with two inputs and one output. Table 2 shows the crispt
inputs of DMUs. Additioanly, assume that the output of all DMUs is the same value as y =1 and the
vector of time dependent prices for inputs is the same for all DMUs as (1+5t,t+1) .

Table 2. The inputs for 5 DMUs.
DMUs A B C D E

Inputs
Input 1 5 3 4 2 2
Input 2 1 2 5 4 6

The DMUs in Table 2 are shown in Fig. 3 in the input space. Fig. 3 shows that A, B and D are strongly
efficient, E is weakly efficient and C is inefficient.

Input 2

=. Input 1

Fig. 3. Show DMUs in inputs space.

Since the output of all DMUs is assumed to be equal to 1, the minimum cost to produce this output
must be the same. Mode/ (4) is applied for DMUs in Table 2 and the following results are obtained,;

17t+5;0<t<1/3,
CL()=Cy()=C.() =CL () =CL() =114t +6:t>1/3.

By considering the inputs of each DMU and their costs and using Eg. (3), the observed cost by each
DMUs is obtained as follows:

C,(t)=26t+6,
C,()=17t+5,
Co(t)=25t+9,
Co(t)=14t+6 ,
C,(t)=16t+8.

By applying Eg. (5) for each DMUs, the TDCE function of each DMU is:
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17t+5
26t+6

, 0<t<1/3,

CE,(t)=
14t +6

, t>1/3.
26t+6

1, 0<t<1/3,
14t+6
17t+5°

CE, (9= t>1/3.

17t +5

, 0<t<1/3,
25t+9

CE_(t) =
14t+6

, t>1/3.
25t+9

17t+5

, 0<t<1/3,
14t +6

CE,(t)=
1, t>1/3.

17t +5

, 0<t<1/3,
16t +38

CE,(t) =
14t +6
16t+8’

t>1/3.

Cost efficiency of DMUs can be easily calculated at any time. As an example, in t=0.1 cost efficiency
values with four decimal places for A, B, C, D and E are 0.9139, 1.0000, 0.5547, 0.9054 and 0.5833,
respectively.

Suppose that DMUs are evaluated in interval I, = [0,1]. In this case, the TDCE value of DMUs in I, is
calculated by applying Eg. (§) to 4 decimal places are shown in Table 3.

Table 3. The TDCE value of DMUs over Iy with the same time dependent price.

DMU A B C D E
CE', k=A,B,C,D,E 06970 09625 05965 09775 0.7890

According to Table 3, none of the DMUs are global-efficient and the DMUs were fully ranked. The ranking
of these DMU s is as follows: D, B, E, A, C.

Considering TDCE functions of each DMU, D and B are local-efficient and A, C and E are non-efficient.
Although it is not necessary to have a DMU whose TDCE value is equal to one in evaluating DMUs in
terms of TDCE, this may also happen. If we consider the time interval under evaluation, instead of

I,=[0,1], the time interval [0, 1/3], B will be global-efficient. According to the results of Table 3, the
ranking of the DMUs in terms of TDCE may change compared to their traditional ranking. For example,
in the traditional model and by considering the same outputs y=1, DMU , is strong efficient and DMU,,

is weakly efficient, while according to Table 3, DMU , rank is better than DMU , rank. Also, by to the
results in Table 3, TDCE value of DMU ; during I, is greater than TDCE value of DMU, . However, in



the time interval [0, 1/3], their ranking be opposite. Since during this time interval, TDCE value of
DMU , is equal to one, but TDCE value of DMU  is less than one. So the ranking of DMUs in terms

of TDCE would be changed if the time intervals were changed.

In this example, the input prices for all DMUs were assumed to be the same, although most of the time
this is not the case. Since the DMUs offer their inputs from different malls and at different prices, the
input prices may not be the same for all DMUs. This case is examined in the following example.

Example 2. Suppose that there are five DMUs with two inputs and one output. The inputs values and
time dependent input prices for these DMUs are presented in Table 4. Moreover, assume thate output

of all DMUs is the same value as y=1.

Table 4. The input values and time dependent input prices for 5 DMUs.

DMU Inputs Time Dependent Input Prices
Inputl Input2 InputPricel Input Price 2

A 5 1 9t* +2 2t* +3

B 3 2 1+6t 1+2t

c 4 5 t'+1 2t° +1

D 2 4 1+ 5t 1+t

E 2 6 7t+2 3t+3

Model (4) is applied to the data in Table 4 and the following result is obtained:
312 +12, 0<t<24/5/5,

Ca®=12612 416, t>245/5.

2t+5, 0<t<1/2,
C=120t+6, t>1/2.

. 2
C.(t) =77 +5,

17t+5, 0<t<1/3,
Co)=114t+6, t>1/3.

27t+12, 0<t<4,
CD=126t+16, t>4.

By considering the inputs of each DMU and their cost and using Egq. (3), the observed cost by each
DMU is obtained as follows:

2413,

C (t)=47t
A®
C,(t)=22t+5,
2
C.(t) =14t~ +9,
C,(t) =14t +6,
C,(t)=32t+22.

By applying Eg. (5) for each DMUs, the TDCE function of each DMU is as following:
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2
%, 0<t<2y5/5,
CE, (=1t
2
%tz—%, t>25/5.
47¢ +13
1, 0<t<1/2,
CE. (1) =
p(D=920t46 =y )p
22t+5
2
CEC(t):M,
14t2 49
z:*:, 0<t<1/3,
CE (=]
1, t>1/3.
t
CE ()={""""
26t+16 s
30422

According to the above functions, none of DMUs are global-efficient. B and D are local-efficient and A,
C and E are none-efficient. However, if we take the time interval [0, 1/2], B will be global-efficient. It is

good to mention that in this example, similar to example 1, there is at least one DMU at each time whose

cost efficiency value is equal to 1. In other words, if 0<t<1/3, CE_(t)=1 and B is cost efficient, if

1/3<t<1/2, CE(t)=1and CE,(t)=1 andif 1/2<t, CE,(t)=1.

Suppose DMUs are evaluated in the interval I, = [0,1]. In this case, TDCE value of A, C, D, and E are

unchanged compared to the previous example, and CE,’ =.9891 . These values are shown in Table 5.

Table 5. The TDCE value of DMUs over time interval I.

DMU A B C D E
CE’, k=A,B,C,D,E 0.8093 0.9891 05399 0.9775 0.6596

According to Table 5, DMUs were fully ranked. The ranking of these DMUss is as follows: B, D, A, E, C.

By comparing Tables 3 and 5, when the input prices are changed, the rankings of the DMUs may also
change. In Example 1, DMU , initially was ranked fourth, but it was ranked third when input prices were
considered differentlly for DMUs. In addition, the ranking of DMU, and DMU , also changed compared

to Example 1.

In the previous two examples, we assumed the output of DMUSs to be one, but in real wotld, the outputs

cannot always be the same. In the next example, we will examine this case.

Example 3. Suppose that there are five DMUs with two inputs and one output. The inputs and output
values and time dependent input prices for these DMUs are presented in Table 6.



Table 6. The input and output values and time dependent input prices for 5 DMUs.

DMU Inputs Output Time Dependent Input Prices
Inputl Input2 Input Price1  Input Price 2

A 5 1 2 9t +2 2t"+3

B 3 2 3 1+6t 1+2t

C 4 5 1 t*+1 2t° +1

D 2 4 2 1+5t 1+t

E 2 6 2 7t+2 3t+3

Model (4) 1s applied to the data in Table 6 and the following result is obtained:

3182 +12, 0<
C ()=

C () =22t+5,

. 2
C.(t) =7t +5,

t<245/5,

26t +16, t>25/5.

17t+5, 0<t<1/3,
Co)=114t+6, t>1/3.

27t+12, 0<

CL(D)=126t+16, t>

t<4,
4.

By considering the inputs of each DMU and their costs and using Fg. (3), the observed cost by each

DMU is obtained as follows:

2
C, (t) =47t

C,(t)=22t+5,

+13,

2
C.(t)=14t" +9,
C,(t)=14t+6,
C,(t) =32t +22.

By applying Eq. (5) for each DMUs, TDCE function of each DMU is as follows:

31t% +12

CE, (=1 "~
2
206 +16 o o5/s.
47t +13
CE, (t)=1,
2
CEJt):M,
2
1462 4+ 9
z:*z, 0<t<1/3,
CE,(t) = N
1, t>1/3.
CE,(h=]""""
26t+16 o

32t+227
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According to the above functions, in each interval under evaluation, B is global-efficient, D is local-efficient
and A, C and E are none-efficient.

Suppose DMUs are evaluated in interval I =[0,1]. In this case, TDCE value of DMUs in time interval

I, is calculated by applying the Eg. (§) to 4 decimal places and the following results are obtained:

Table 7. The TDCE value of DMUs over time interval I,.
DMU A B C D E
CEL‘), k=A,B,C,D,E 0.8093 1.0000 0.5399 0.9775 0.6596

According to Table 7, DMUs were fully ranked. The ranking of these DMUs is as follows: B, D, A, E, C.
In this example, B is global, efficient in each interval under evaluation. This point did not exist in previous
examples.

As these examples illustrate, the recommended method can be used in a number of ways. If the input
prices are time-dependent and the same for all inputs or different for inputs, the proposed model is
applicable. When evaluating DMUs, given time-dependent input prices, at any point in time there is at least
one DMU whose cost-efficiency value is equal to 1. However, here may not be a DMU whose TDCE
value in the interval under evaluation is equal to one. In another word, there may not be a globally efficient
DMU, but there is at least one locally efficient DMU. In addition, this method can be a relatively powerful
tool for classifying DMUs since, according to the formula defined for TDCE, it is very unlikely that the
value of TDCE will be the same for DMUs.

4 | Conclusion

The study of DMUs provides a number of results, one of which is the cost efficiency of DMUs that
introduced by DEA models. Cost efficiency evaluates a DMU's ability to produce current outputs at the
lowest possible cost. In traditional cost efficiency models, the cost efficiency of the DMUs is calculated in
a fixed time. Therefore, the prices are considered fixed and certain. While for most practical problems,
input prices fluctuate over time. In other words, input prices are time dependent. In this study, a new
model was introduced to calculate cost efficiency in the presence of time dependent input prices. In fact,
in the model presented in this study, the inputs and outputs were considered a function of time. This
feature is the superiority of this model over previous models. This model is a parametric programming
problem and was solved with a parametric programming problem algorithm. Furthermore, the definitions
of TDCE were provided. Finally, in the examples, the TDCE of DMUs was measured over a given time
interval, and the DMUs were ranked. The researchers strongly recommend further research in the
following areas. First, in this study, a numerical example was used to verify the proposed model. Other
researchers can use this model to solve real problems. Second, the TDCE model proposed in this study
was based on that proposed by Fire et al. [9], that introduced cost efficiency model. TDCE for DMUs can
also be calculated based on Tone's cost efficiency model. Third, the model proposed in this study was in
VRS mode. A model for constant return to scale (CRS model) can also be proposed.
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